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ABSTRACT. This article concems two simple types of bounded operators
with real spectrum on a Hilbert space H. The purpose of this note is to suggest
an abstract algebraic characterization for these operators and to point out a rath-
er unexpected connection between such algebraic considerations and the classi-
cal theory of ordinary differential equations. Now some definitions.

A Jordan operator has the form S + N where S is selfadjoint, N2 = 0, and S
commutes with N. A sub-Jordan operator is the restriction of a Jordan operator
J to an invariant subspace of J. A coadjoint operator T satisfies e™*" €’®
=1+ Als + A232 for some operators 4, and A, or equivalently T332 74
37*72 ~ 73 2o,

The main results are

Theorem A. An operator T is Jordan if and only if both T and T* are co-
adjoint.

Theorem B. If T is coadjoint, if T has a cyclic vector, and if o(T) =[a,b),
then T is unitarily equivalent to * multiplication by %’ on a weighted Sobolev
space of order 1 which is supported on [a, b].

Theorem C. If T is coadjoint and satisfies additional technical assump-
tions, then T is a sub-Jordan operator.

Let us discuss Theorem C. Its converse, every sub-Jordan operator is co-
adjoint, is easy to prove. The proof of Theorem C consists of using Theorem B
to reduce Theorem C to a question about ordinary differential equations which
can be solved by an exacting application of the Jacobi conjugate point theorem
for Sturm-Liouville operators. The author suspects that Theorem C is itself re-
lated to the conjugate point theorem.

Introduction. This article concerns the two simplest types of bounded opera-
tors with real spectrum on a Hilbert space H. The purpose of this article is to
suggest an abstract algebraic characterization for these operators and to point
out a rather unexpected connection between such algebraic considerations and the
classical theory of ordinary differential equations. In particular, our Theorem II
which gives an algebraic characterization of certain sub-Jordan operators (defined
below) seems very closely related to the classical theorem asserting that a Sturm-
Liouville operator defined on the interval [a, 4] is positive definite if and only if
there are no points conjugate to a in the interval. One appealing thing is that
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almost every idea presented here has a natural generalization worthy of investiga-
tion. This is discussed at the end of the article.

The two types of operators considered here are: [ordan operators (order k)-
operators of the form S + N where § is selfadjoint, § commutes with N, and Nk
= 0; sub-Jordan operators (order k)-operators which are unitarily equivalent to the
restriction of a Jordan operator | to an invariant subspace of J.

A natural algebraic condition on a bounded operator T which generalizes the

selfadjointness condition is
* n
—-isT _isT _ k
POL n e e = Z Ays™.
k=0

This is equivalent to (27*!/ds"™*!) e~isT*eisT _ 0 which is in turn equivalent to
C2#1(1) =0, where Cp: £(H) — £(H) is defined by C(4) = T*A — AT and C%
denotes the composition of the map C.. with itself k times. For example, T
satisfies POL 2 if and only if T*3 = 37*2T 4+ 3T*T%2 - T3 = 0. An operator T
which satisfies POL n will be called coadjoint (order n). Note that if T is co-
adjoint, then T is not necessarily coadjoint. It is easy to check that every co-
adjoint operator has real spectrum. This paper concerns only Jordan operators of
order 2 and henceforth only these will be called Jordan operators. One major re-
sult of this paper (§1) is

Theorem I. An operator T is Jordan (order 2) if and only if both T and T*
are coadjoint (order 2).

Next we turn to sub-Jordan operators. It is obvious that any sub-Jordan op-
erator satisfies the POL condition of the appropriate order and it seems natural to
ask

Question. Is any coadjoint operator a sub-Jordan operator? The bulk of this
paper is devoted to proving that under strong additional assumptions the answer
to this question is yes. Tam fairly certain that these additional assumptions can
be relaxed greatly (see $4).

In order to state these additional assumptions, we need some more back-
ground. Henceforth assume that T satisfies POL 2. It is clear from POL 2 that
e-isT*eiST/sz — A, This implies two things: first, A2 is a nonnegative op-
erator; and second, e'isT*Aze'iST = A, for each s. If A2 has no null vectors,
then [x, y]2 =[A,x, y] is a positive definite bilinear form on H ([, ] denotes the
inner product on H) and can be completed to a Hilbert space H, which contains
H as a dense subspace. The relation e’* T*Aze'iST = A, is equivalent to the
statement that ¢**T js a one parameter unitary group on H,. The infinites-
imal generator T of this group is selfadjoint and consequently can be thor-

oughly studied as an operator on H, by using its spectral resolution
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which we write T= [AdE,. Let [ stand for Lebesgue measure. In our main theo-
rem the following will be assumed.

Technical Assumption. There are positive numbers M and m so that for any
Borel subset S of la, b] ml(S) <[A,E(S)y s o) < MI(S) where s is the cyclic
vector for T mentioned in Theorem 1L

Fortunately, this condition is invariant under the right operations, namely,

change of cyclic vector. Now we state the main theorem of this article (§3).

Theorem Il. If T is a coadjoint operator (order 2), if T has a cyclic vector
lﬂo, if spectrum T = [a, b), and if the Technical Assumption bolds, then T is a
sub-Jordan operator (order 2).

One of the tools in proving Theorem II is a representation for coadjoint oper-
ators as ‘multiplication by x’ on a sort of Sobolev space (see [H]). It is of inter-
est in its own right. In order to state the representation theorem precisely we
need some notation.

Let p=(p;;) bea (M + 1) x (M + 1) matrix of finite Borel measures on the
interval [a; b] and define a bilinear form (, ), on C*[a, b] by

M
b . .
(L.1) ( 8), = 2. fa gD dy
i,7=0
where 0 (x) = dib(x)/dxl. If (, ), is positive definite, we let H(u) stand for
the completion of C*la, &) in ||f|, = V{/. /),- We will say that H(u) has order

M. One representation theorem in this paper is

Theorem 0. If T is coadjoint (order 2), if T has a cyclic vector, and if T
has spectrum [a, bl, then there is a space H(u) of order 1 and a unitary map U:
H — H(g) such that UTU™! is multiplication by x on H(p).

This theorem doubtlessly generalizes from n = 2 to arbitrary n and a
straightforward but time consuming reworking of the proof of Theorem 0 should
give such a result (see Remark 2.1). Theorem 0 can also be adapted to the case
where T has finite multiplicity. A theorem to that effect is proved in $2. Itis
Theorem 0'.

After a few definitions, we shall discuss the proof of Theorem II. Let
C"[a, b, C*] denote the space of n times continuously differentiable k-vector
valued functions on [4, b]. We shall callan (n+ 1) x (2 + 1) matrix p= () of

Borel measures positive (positive definite) if and only if the bilinear form

fo &o ",

3 AR I I L
g i:j'—'o

n n
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is positive (positive definite). If p is positive definite then the closure of
C%a, b, C™" in { , }“ is a Hilbert space which we call X ().

Now suppose that T satisfies the hypothesis of Theorem II. We may take the
operator T to be ‘mqltiplication by %’ on H(u) for some 2 x 2 matrix of measures
T (;ti].) . Note that the matrix pu is not uniquely determined, since one can alter
the right side of equation (I.1) with integration by parts without changing its left
side. Suppose that one can choose p to be positive definite. Let R denote the
functions in }((u) of the form (;' ). Clearly the map 7: H(p) — R given by 7f —
(;') is an isometry of H(u) onto R. Moreover, the map { — xf on H(p) induces
(under 7) the map T on R given by

f x 0\/f
- .
17\ =\
The operator | on }((p.) given by

fo x 0 /0
J =
ly 1 xJ\/,

is clearly Jordan and T is ] restricted to R. Thus the original Hilbert space H
is unitarily equivalent to R and the operator T on H under this unitary map goes
into T which is ] restricted to R. Thus Theorem II has been reduced to proving
that the matrix p can be chosen to be positive definite.

This in fact will be the case if one makes the Technical Assumption. $3 is
devoted to proving that. The Technical Assumption says precisely that the *‘high-

‘‘equivalent’’ to Lebesgue measure, i.e. y,, = B(x)dx

est order’’ measure p,, is
~
where m < P(x) < M. The proper inequalities and a change of cyclic vector allow

one to work with an inner product of the form

( @y = [ 2dvy,+ Jorg' Pt ax.

One can use a modification of the conjugate point theorem for Sturm-Liouville op-
erators to find a positive definite matrix X of measures such that (f, g), = (/. g),
for all f, g in C![q, b, Cl.
Henceforth, in this paper the spectrum of T will always be taken to be [0, 1].
A survey of the results and methods of this paper appears in [H2]° $1 is the
proof of Theorem L. $2 is the proof of Theorem 0 and Theorem 0'. 33 gives the
proof of Theorem IL. $4 suggests ways of extending Theorems 0, I, and II and al-

so describes a geometric approach to the study of coadjoint operators.

1. Jordan operators. The purpose of this section is to prove Theorem I which
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says that if

. * .
(1.1a) eisT gisT _y sA |+ 32A2
and

. . *
(1.1b) e isTeisT" _ sB, + ssz,

then T is a Jordan operator. The equations (1.1) are equivalent to the equations
C2() = C2+(I) = 0 which when written out in full are

(1.2a) T*3 - 37*2T 4 T*T2 - T3 = 0,
(1.2b) ~T3+ 3T2T* - 3TT*2 + T*3 = 0.
These equations imply

(1.%) —T*2T + T*T? = T2T* - TT*2.

The main tools of the proof are the following six identities

(1.3) AA,=B,A,, A,A =AB,,
(1.4) A,B,=B,A,=0,

2 _
(L5) A2=A,+ A,

An immediate consequence of (1.3) is
(1.6) AlA,=A A%, AXB,=B,AL
Now we prove the identities.
First note that one can expand the exponentials in (1.1) to get
(1.72) A =-B,=i(T-T"=iCD
and
A, =Yl-T*2+ 2T*T - T = % CX),

1.7b)
B, =%[-T? - 2TT* - T*2 = Y C2,(.

One can use this to compute

(2/DA A, ==TT*?+ 2TT*T - T3 + T*3 - 2T*2T + T*T?,
(2/)B,A | ==T*2T + 2TT*T - T+ T*3 - 2TT*? + T2T™

Equation (1.2c) implies that the two right-hand expressions are equal. This
proves the first part of identity (1.3) and the second part is proved similarly.

Next, observe that equations (1.7) give us
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Al =-IT2 - T*T -TT*+ T*] = A, + B,

which is identity (1.5). The identity (1.4) is proved a bit differently. Consider
[e-isT*eisT/SZ][e-isTeisT*/SZ] - 1/st

As s — oo the left-hand side converges to A,B, while the right-hand side con-
verges to zero. Thus A,B, = 0. The fact that B,A, = 0 is proved similarly.

The next step is to write down explicitly an order two nilpotent operator N
such that CI{.J (D= C.} (I) and C[{}*(l) =C.}'.*(l) for every j. The appropriate opera-
tor is the linear extension of

—iBzAIIx if x € Range A%,
Nx =
0 if x 1 Range A{.

We must verify that N is bounded and that it has the other desired properties.
To prove that N is bounded observe that

1B N2 <HANNZ + 1B Y%+ (Boy, 4,0 +(4,y, B,y)
since A7B, = A,B, = 0=B3A, by (1.4). Thus
1Byl <A,y + Byl 2 =lBI 2 < 1B %8 vl 2
2 1

by identity (1.5). Since A; =-B,, this inequality is equivalent to N being a
bounded operator which is bounded by ||B,||.

In what follows license is taken with the invertibility of A, however, one
can keep careful track of the null space of A, and make simple estimates like the
one above to insure that the following argument is legitimate. The identities (1.3)
and (1.4) imply that

2 _ -1 -1 _ _ -2 _
N ——BzAl B2A1 = BZA2A1 = 0.
The identities (1.3) and (1.5) imply that
. -1 4-1 . -1 _ a4 _
N-N*=-iB AT - iA]'B,=-i[B8,+4,]A7 =~iA = CLD.
The identity (1.3) implies that
YC2(D = N¥Nv = 4~ 1 “1_ 4242
7CN(I)—N N—Al BZBZAI _AZAI .
However, (1.5) and (1.4) imply that
2472 2472 _ A2 _
BJA|*+ ASAT°=A{=B,+ A,

Each side of the equation is the sum of two selfadjoint operators with orthogonal



1972] JORDAN OPERATORS AND STURM-LIOUVILLE THEORY 311

range (see (1.4) and (1.6)); moreover, range Bzz A1°2 C closure range B, and like-
wise for A,. Thus %C2() =-A2A7% = A, = %C2(]). The fact that CZ+() =
C.ZI.* (I) follows from the same type of argument and since all higher commutants
with T, T, N and N* are zero, they are certainly equal. Thus N has the desired
properties.

The final step in our proof consists of demonstrating that T - N =§ is self-

adjoint and that it commutes with N. Tt is easy to see that § is selfadjoint, since
oS o T o T* ~[N=N* = C1) - CylD = 0.
Now we begin the proof that SN = NS. The equality CZ(I) = C2(I) with a bit of
computation yields
(1.8a) S(N*~N)=(N*-N)S.
The equality C73. (I) = 0 with a bit of computation yields
NS~ N*S? — SIN — NSN + 3N*NS - 3SN*N + S2N* + N*SN*= 0.

Rearrange terms in this expression, and use the equality SZ(N*=N) = (N*-N)§?
which follows from (1.8a) to get

N=SAN*= N) = (N* = N)S2 = NSN - N*SN* + 3SN*N — 3N*NS.
The right side of this equation factors to give
0= (NS + SN*) N — N*(SN* + NS) + 2SN*N — 2N*NS.

One can use equation (1.8a) to see that the first two terms of the equation above

cancel each other, and consequently, one gets
(1.8b) SN*N = N*NS.

It remains for us to show that if N2=0, S = s* and if N and § satisfy
equations (1.8) then SN = NS. In order to do this we shall write nilpotent opera-
tors with N2 = 0 in a special way. Any operator can be written as N = WA + JBi
where A and B are positive selfadjoint operators, W and ]| are selfadjoint oper-
ators which have squares equal to the orthogonal projection onto the closures of
range A and range B, respectively, W commutes with A, and | commutes with

B. The restriction
0=N2=A%2- B2+ i[WAJB + JBWA]

forces A to equal B and WJ + JW = 0. Equation (1.8a) is equivalent to the equa-
tions SWA = WAS, which itself implies SA = AS, and SW = WS. The operator
N*N is equal to 2A2[1 + iJW] and so equation (1.8b) implies that SJW = JWS.
Therefore, S] = JS and we have proved that § commutes with N.
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2. A representation for coadjoint operators. The following theorem is dis-
cussed in [Hl].

Theorem REP. If T is coadjoint of order n, if T has a cyclic vector o
and if o(T)=1[0,1], then there is a space H(p) of some order and a unitary map
U: H — H(p) such that UTU™! is “‘multiplication by x’* on H(p).

In this section we shall refine this theorem to obtain Theorem 0 which adds to
the above statement that if T is coadjoint of order 2 then H(u) has order 1. After
proving Theorem 0, we shall extend Theorem 0 to the finite multiplicity case
(Theorem 0'). For completeness we sketch a proof of the above theorem before
going on to Theorem 0 (for details see [H,]).

Proof of theorem. Define

(2.0) B()) = [ Asyem=Tas
\/277 et

for / € 8(R), the Schwartz space of C™ functions all of whose derivatives de-
crease faster than any polynomial at infinity (this is a norm convergent integral
because T satisfies POL n). The map ¢ is a continuous algebraic homomor-
phism of 8(R) into £(H). By the Schwartz Nuclear Theorem, there is distribution
b on 8(R?), the Schwartz space on RZ2, such that

bURDEON = BN ¢y, B ]

for each f,g € 8. Here [, ] denotes the Hilbert space H inner product. The
POL 7 condition is equivalent to

0=

il be®s[x~¥)f (x)g (¥)) = b(lx - yI**}/ (x)g ()

dsn+!

which implies that the distribution & has support on the line {(x, x)}. Moreover,
one can apply the Gelfand representation for the Banach algebra of operators of
the form ¢(f), and get that A = {(x, x): x € o(T) = [0,1]} is the support of &.
The usual representation for distributions (Schwartz Kernel Theorem) allows us to

write b as

v i+
1 a9
b(h(x, = K.(x, bh(x, x)d
(h(x, y) i'§]_=:0 Km0 ey (x, x) dx
for some K. Thus the bilinear form (f, g) = [#(/), ¢ ()¢l on C7[0,1] has

the representation

M
.1 9= 22 [/,

i,j=0
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for a matrix p = (u,;) of measures, and H(p) of our theorem is precisely the clo-
sure of C*[0,1] in (, ). Since ¢ is an algebraic homomorphism, T on H corre-
sponds to ‘‘multiplication by x’’ on H(u). Our theorem is proved.

The next long while is spent in proving Theorem 0, in other words, in proving
that if T satisfies POL 2, then M in (2.1) is equal to 1. In the proof of the
above theorem when one is careful with the order of the various distributions
which appear, one can prove representation (2.1) with M = 2. Theorem 0 will thus

be a consequence of the following proposition.

Proposition 2.1. If

2
l . _( .
REP (f, @ = Z J:) g ])d#i,'
i:O;j:O
is a nonnegative hermitian bilinear form on C*[0,1] with ¥y finite Borel mea-
sures and (d3/ds3)(e'* f, e’s%g) = 0, then in REP the sum on i and j need only
go up to 1.

Proof. If we put e’*f and e?*g into REP for { and g and expand in pow-
ers of s we get

(eis"f, eisxg) = $4j;1/§d,uzz+ 53{1'];1/?,"#21 - i"(;lfgdp'ﬂ}

+ ssz(f, g + sB 1(/, g +(f g

where the B; (/, g) are bilinear forms including only f, g and derivatives of f and
g By hypothesis the coefficients of s* and s3 are zero, so By, =0and p,, =

iy, When we compute Bz(/, g) and use this information we get
1,- 1 - 1,— 1,
82(/' g)=j;/gd‘11+J;(fg),dulz‘L/gdﬂoz‘ﬂ/g‘ﬁtgo'

Now our hypothesis implies that B(f, g) = p(fg) where p is a positive linear func-
tional on C2[0,1]. Thus B(f, g) is supremum norm continuous and fol (/8)'du,,
is supremum norm continuous. By the Baire-Riesz representation theorem
foh'dp,, = [{bdv, which together with the fact that p,, = ,, implies that we
may take (f, g) to have the representation REP with Ky9sH, identically zero
and p,, identically zero (Note: when (,) is written this way, the measures p_;
may be different from the M;; that we begin with).

The remaining problem is to eliminate p, and p,,. Our plan is to prove that
B, and p,, each have derivatives which are measures denoted by v, and v, re-

spectively. Then we can write
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10— 1,—n 10— 10— 1—1
J;/gdnzo+ fO/g du02=-fo/g du,o = fofgdvz— fofg du,,

- flEave [z, [z,

where 8, and 8, are measures which are concentrated at the end points of [o, 1].
This means that (f, g) can be written in the form required by our theorem. To
prove that p,, and p,, are differentiable it suffices to show that they are abso-
lutely continuous with respect to Lebesgue measure ! and that dp,/d! and
dyu,o/dl are of bounded variation (cf. [R, Chapter 12, $31). The proof consists of
five steps which show that the measures in REP can be chosen in nicer and nicer
ways. In each step when we refer to REP we shall assume that the measures ap-
pearing in it have all of the nice properties which were gotten for them in the pre-
ceding steps.

Step 1. The measure ), — p,, has a derivative which is a measure (i.e.
folf'd[poz - "20] is supremum norm continuous in f).

Proof. Suppose not. Suppose that b, is a sequence of real valued functions
in C?[0,1] such that |b_| <1 and |b]| <1, and that 1[68d Mgy = pypl] = oo
It follows from REP that

ib iby _ 1 (1,0, Y 8 Y 1,12
(e, e®) = [ Faugg+i [bidug—i [T g, + [0

.,n 12 1., '
[T -6 D duyy - [Hib" - 6D
If we let b=0b, and put the second order terms first we get

+ib tib N
(e*ms e*m) = if 14 g, - ol + G (25,)

n

where |G (% b,,)l is uniformly bounded by a number M. However, for large enough
n the first term on the right side of the equation has absolute value bigger than M.
For such 7 the right side of the equation can be made either complex or negative
by an appropriate choice of sign. This contradicts the fact that the left side must
be positive.

Step 2. We may take pgo,py15p9, to be real measures and also we may take
Koy =Hy0°

Proof. We write the right-hand side of REP as the sum of a hermitian and

skew-hermitian part

L (s m 11— — 1 (1,— _
(/’ 8)=§J;/gd[uoo+u00]+ij;)/g d[#01+#10]+§_f0/gd[#10+#01]
1 10— - 1 1.0— _n _
+'2-J;fg d[ll-n+ll»11]+§fofg+fg d[y02+#02]

11, — 11— - 11,0 —n -
+§J;/g d[“m‘“lo]*ifofgd[“m‘”01 +§f0/g+f3 dlpgy ~ kool
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Since the left side of the equation is hermitian the last three terms in the equa-
tion must be hermitian and skew-hermitian simultaneously. Thus the last three
terms in the equation sum to zero and (f, g) can be written simply as the sum of
the first five terms on the right side of the equation. The measures “100 =

%(pgo + Fgg) etc. used in this new representation for (, ) have the required prop-
erties.

6;ep 3. The measure p, is absolutely continuous with respect to Lebesgue
measure.

Proof. Suppose not. Decompose p, into positive and negative parts. With-
out loss of generality we may suppose that the positive part v of p,, is not ab-
solutely continuous with respect to Lebesgue measure /; let S be a set such that
v(S)# 0 but I(S) = 0. There is a sequence SI'V of open sets containing § such
that v(S,)— v(S) and I(S) — 0. Also, there is a sequence Sy of open sets
containing the support P of the positive part v of u,, with the property that
12021(Sy) = l1g,l(P) = v(P). Set Sy = SyNSy. There is a sequence Cy of
closed sets contained in § such that v(Cy) — v(P). By Urysohn’s lemma there
is a positive real valued function by which is identically 1 on Cy» identically
0 off of SN’ bounded by 1 on [0,1], and which is continuous on [0,1]. Define
by (x) = ay [5[5 by () dtds + y where ay and y are constants.

The following estimates hold for the sizes of b, and b'N

2.2) |6 (9)] = )aN [ < laylitsy,

(2.3) |by(0)] = _[;‘ij(s) ds + y| <|aylI(Sy) + |y

Thus, if we set ay = l/l(SN), we get

log() <1, (D] <1+ .

Ve need another estimate before we can begin. Let ky = by —y; it is a positive
function of height less than 1. We have

1 1 1
'fokaNdl‘ozl < fokaNd|“oz| < L)bNdlf‘ozl

< Ji eyt lboal + (Y,

(2.4) ifole/eNdpozl <u(Cy) + g, l(Sy ~ Ty

Also
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1
(2.5) Uo hydug, - v(cN)~ < fSNNCNhNdIuOZI <lig l(Sy ~ Cy)-
Next we note that |”021 (SN ~ CN) — 0 as N — oo. This follows because
ool (Sy ~ Cp) = lig J(Sy ~ P) + |y I(P ~ Cy)

and the terms on the right go to zero by construction. Substitute b, into REP
for { and g and use the estimates (2.2), (2.3) to get

1,0
(bys by) = 2 [Toybyduy, + Gloy)

where |G(by)] is less than or equal to a constant M., which depends only on y.
Set by = ky + y and use the fact that (by, by) > 0 to get

1 1
Y [T hydigy 2 ~Gog) 20y ~ [Thykydug,
for each y and N. Estimates (2.4) and (2.5) imply that
(y+ Dv(Cy) 2 -M, /20y - (2 + P lig,l(Sy ~ Cy)

for all N and y. Since for fixed y the right side goes to 0 as N — oo, this is
impossible. Step 3 is now complete. Let a denote the Radon-Nikodym derivative
of p,, with respect to Lebesgue measure; henceforth we shall write du,, = adx.
Step 4. a is essentially bounded.
Proof. Suppose not. Define E C[0,1] with N an integer by

Ey=1{x €0, 1]: alx) > N}

Without loss of generality we may assume that l(EN) # 0 for each N. Let x, de-
note the characteristic function of E, i.e. xy(x) =0 if x £ Ey, xp(x) =1 if
x € Ey. Define

1 X (S
=— dtd =K .
by(x) Z(EN)I’OIOXN(» tds+y=Ky+y

Now substitute by into REP and get

1
(2.6) 0<(by, bM:leXN(x) by(x) al(x) dx + G(by)

where G(bN) is uniformly bounded as N — oo. The proof in this part is so simi-
lar to the proof in Step 3 that we shall not belabor the estimates. Inequality (2.6)
leads to a contradiction, since we may take y to be a negative number with |y| >
1+ (1/HEWD|Ky| and clearly
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1 1
—_— x 1 — oo,
5 fENa( ) dx > D (EQN

Step 5. alx) is a function of essentially bounded variation.

Proof. Recall that the Lebesgue set A of a is a set of l-measure 1 such

that p € A if and only if
I(Cl_l)m_‘ofcla(x) —a(p)|dx=0

where C denotes an arbitrary closed interval containing p. We shall let j (x —s)
be a C* reproducing sequence, that is, j (y) =:(1/€)j(y/€) where j has the prop-
erties:

W) jec=j>0

(2) support jC[-1/2,1/2];

G) [1 idx=1;

(4) j(t) is increasing for ¢t < 0 and decreasing for ¢ > 0.

A basic fact is that [Jj (x - p)alx)dx — a(p) if p € AN (0,1) (see [D-S,
1L 12.10, Theorem 10]).

Suppose that R is a partition of (0,1) into 2m points in A with the prop-
erty that a(x7') —a(x7_,) > 0 if k=2,4,6,-++, 2m. Define

2m
bp= 2 (o) - alp .
k=even
We shall say that a has essentially bounded positive variation if sup p, over
all admissible R is finite. The negative variation of a is handled similarly.
Suppose that a is not of essentially bounded variation. With no loss of generali-

ty, we may assume that there is a sequence of R for which p — o.

Define bm’f and /m,f by
2m
.7) hd® = 3 ile =) - jlx - 2,
k=even
(2.8) I = [ [ob, D dids.

Note that lim,_q fo b, ¢@dx=p, . Alsonote that |/, | and |, | are bounded
by 1 independently of m and e. Hence, we assume and throughout the rest of
this proof we shall assume that ¢ < min dist (x7, 7).

Substitute [m, ¢+ V> where y is a complex number, into REP for both / and
g and use the fact that (f, /) > 0 to obtain

1 1
0<2f f, b, adir2y b, adcsalf, )
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where G(/m’ e) is bounded independently of m and ¢ by a number M. Suppose
that we can show that there is a number I" such that

1
> fofm'cbm'eadx\

for all m and ¢, <38, where §, — 0 as m — . This implies that 0<

(2.9) r+ F'folbm'eadx

2T+ y) b, + M forall y and p . However, we can take y =-2I" and since
p,, — = we have a contradiction.

Now we prove (2.9). Abbreviate j (x - x,) to j (i), let [ be a function in
c'lo, 1] and consider the following equation:

[l - (1) fadx

= [,i2) fods - folje(z)adxfolj((z)fdx
@10 + [idDadx [0 - j (D fdx - [ 54D fods
+ [liads 10 fdx - [0 fax [ (10D - j(DNadx

The following lemma gives us an estimate on the first and second and the fourth
and fifth terms on the right-hand side of the equation.

Lemma 2.2. If x, €(0,1)N A and v > 0, then there is a & such that
|Fe(x0' 2]
= ‘ fola(x) () j(x = x) dx — f:a(x) ilx = xp) dxfolf(x) jlx = %) dx| <v

for all f in the unit ball of C'[0,1] and for all €< 3.

Proof. Suppose that /€ C'[0,1]. Since F (x, f~ f(x) = F(x(, /), we may
assume that /(xo) = 0. The last term of F, can be disregarded because

‘folf(x) je(x - xo) dx| <

sup il <(e/2) [sgfli] 17l

[*0-€/2,x0%e/2]

and because fola(x) je(x = xg)dx — alxy). To estimate the first term of

F (x,, f) we consider

s J 0 - flxatxg) s

Since f(xy) = 0 it has an absolute value dominated by

l(C)f lala) —alx| dx Sup. /(0] + alx )|f |/(x)] dx

)
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which, if we take C =[x - ¢, x + €], is dominated by
a2e sup |f'| +|a(x))| 2 su ,
[0'1;] 17+ alxl [0'1;] 1/
where @ is the supremum of |a(x)|. Thus we have

.1 xote

% |/(x)a(x) - [xalxy) dx<eM3[sup I+ sup |f|§

By the usual method, see [D-S, III. 12.10], one can prove that
1 '
alx) f(x) jlx - x )dxl <ole){ su + su
| 1 = x ) a < gup 111+ sup ]

where 0(¢) — 0 as ¢ — 0. This completes the proof.
Lemma 2.2 along with the inequalities

[ Uik - DV fdx <[x, - ) + sop 111

1.
fo (D fax < o /1,
when applied to (2.10), imply that for any v > 0, there exists a 8 > 0 such that
1. .
Ifo 72 - j (D] fa dxl
(2.11)
<v+ IjoliE(Z)adx[(xZ —x)+ v]| . IIol[je(l) ~ i(Dads

if €<, if €e<v, and if { is in the unit ball of c'[0,1). Now we apply this esti-
mate to get (2.9)

lfolbm.c/m,ead"z Z I[fe(" felx = g DM, e dx

k=even

2m
< Z v [l + foxje(x- x;e")adx]

k=even

E («} = 7. )lf]e(x x’")adxl

k=even

lf FACE jlx = <7 Nedx

k=even
for any ¢ less than some 8_. Since [{j (x - x7)adx — a(x}) for any x} in
R, and since a(x7) - a(x]_;) > 0 for k even,a §, can be picked with the
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property that

2m
@.12) 'folbmlcfmleadx' <1e > |alPIGp-sp )+ [1b, odx
k=even
for any €< 9, . The fact that a is essentially bounded implies that the second
term on the right is bounded, say by I' - 1, from which (2.9) follows. Thus Step 5
is finished and Proposition 2.1 as well as Theorem 0 are proved.

Remark 2.1. It appears (although the author has not checked it) that a more
complicated argument along the lines of the preceding one will give:

If T is n-power adjoint, then it can be represented as multiplication by x on
a generalized Sobolev space H (p) of order n/2.

A modification (Steps 3, 4, 5) in the preceding argument which should give the
more general case is this. Take b’s as before but take b’s and f’s to be the nth
integral of the b’s. Instead of substituting f + y into REP, substitute f+ y, +
YoX + e+ yn_zx""2 into REP. Then pick the right y,’s. All of this of course
must be combined with an induction argument.

In the last part of this section we shall weaken the requirement in Theorem 0
that T has a cyclic vector. A set ¢,--+, ¢, is called cyclic for T if linear
combinations of the vectors T" , n=0,1,.++,i=1,.++, k, are dense in H.
Suppose that T has a finite cyclic set ¢,.-+, ¢,. We shall study the positive

(but not necessarily positive definite) form
(F, G)=[(f) g+ -+ [) s D) b+ -+ o + ([ ]

where F and G are vector valued functions in C*[R, C*] with compact support
and whose components are F=(fg,-++,f,) and G =(gg,-++, g)-

Let By be a k x k matrix of finite Borel measures on [0,1] for 7, j=0, 1,
.o, M. If F, G €C?[0,1, C*] define

k
1 1, —
fod("ijp’ G)= Z fo la8p ap
G.,B: 1
where p,g are the entries of [P
Also ( ) will be used to denote the C* inner product. Define a map U :

c>[0,1,C*¥ — H by

UCF) = @[ )i + -+ +B([)).
Clearly, (F,G) = [U(F), U(G)] and it can be checked that U(xF) = TU(F). The

extension of Theorem 0 which is true is

Theorem O'. If T is coadjoint (order 2), if T has a cyclic set {Wosees Uit
and if the spectrum of T is [0,1], then the bilinear form (F,G) can be written as
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1
1 . .
F, = (1) ()
(F, 6= 37 [ G, FO, 60)
1,7=0
where the .. are kx k matrices of finite Borel measures on [0,1] and T “*1‘0
and F9 denotes d'F/dx'.

Proof. The technique used to prove the scalar case of this representation

generalizes in a straightforward way to vector valued testing functions and one can get

2
1 . .
(F, 6= . jo d(#ijpm, G0y,

i,j=0
This was mentioned previously in [Hl]' The problem is to reduce the order of

summation from 2 to 1. The following proposition says that this can be done.

Proposition 2.3. If

2
REP (F, 0= X du,FO D)
i=0;i=0

is a nonnegative hermitian bilinear form in C[0,1,C"] and (d3/ds3) (e™*F (x), %G (x))
= 0, then (,) can be written as in REP but with the sum being taken up to 1, and
with p, = y"{o.

Proof. Let a be a vectot in C” and let f and g € C2[0,1]. The bilinear
form (,) o defined by .

2
(. g)a= Z J;lfgd(a’ I",‘ja>

i=0;7=0
satisfies the hypothesis of Theorem 0. The first few arguments presented in the
proof of Theorem 0 imply that (a; u,,a) is zero, that (a, p,,4) and (a, p;,4)
are absolutely continuous with respect to Lebesgue measure and that they have
derivatives which are measures. The following lemma implies that each entry of
the matrices p,; and p,, is differentiable with respect to Lebesgue measure;

thus we can eliminate p,, and g,, from REP through integration by parts.

Lemma.2.4. Let p be a matrix valued measure on [0,1). If d(a,pa) =
k, (x)dx for a function k, of bounded variation, then each entry of u is a measure

which is actually a function of bounded variation.

Proof. Let y be a complex number of modulus 1. The polarization identity

says
2 Re yd(a, pb) = d(a+ yb, pla+ ybl) ~d(a-ybula-ybl).

Thus d(e; pe;) = k,;(x)dx where k; is of bounded variation and e, =
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(0,+++,0,1,0,-4+, 0) with 1 in the ith place. The lemma is proved.

Now we turn our attention to eliminating p,, and p,, from REP. Step 1 of
Proposition 2.1 demonstrates that (u,,a, a) — (i,02, @) is of bounded variation
for each a. Thus Lemma 2.4 allows integration by parts to be used in order to put
By = Bo, in REP. The argument in Step 2 of Proposition 2.1 obviously applies in
this case as well as the scalar case and implies that we may take g, 0, ft,,5 K,
to be hermitian matrix valued measures and that we may take p,, = y"l‘o in REP.
Finally, Steps 3 and 4 of Proposition 2.1 imply that (p,,a, a) is of bounded vari-
ation for each a. Thus Lemma 2.4 allows integration by parts to be used to elim-

inate g, from REP. Theorem 0' is proved.

3. Coadjoint operators as sub-Jordan operators. In this section we use the

assumption that T has absolutely continuous spectrum in the A, norm and that
MIN) > [A L dE ¢, Yl > mI(N).

This assumption when translated into terms of the representation for (f, g) says

precisely that
1, 1, 10— ,— )
(3.1) (/. & = fofgduoo+ fofg dugy+ fofgd#0_1+ fOP/g dx
where M > P(x) > m > 0. The next few pages are devoted to proving consequences
of our assumptions on P.

Lemma 3.1. p,, is absolutely continuous with respect to Lebesgue measure.

Proof. Suppose not. Suppose that the positive part v of p, is not O on a
set § and that [(S) = 0. Define Sy S'N. SJIIV etc. as in Proposition 2.1, Step 3,
and set by (x) = ay[Thy()dt +y. The estimate |by(x)] < |ay|I(Sy) + |y| holds
for all x in [0,1]. Now use equation (3.1) to get

1 2 —~ 1, = 1 —
(b, by) = [ 1oyl 2dugq + By [ onbydig, + oy [ bybydity,
(3.2) ,
+ ;aN|2f0 |by| 2P dx.

Take ay = (1/1(Sy))*. Then
_ 1
lim |a 2| |hy|?Pdx < sup P
|12 fy Vol P e < sup,
and
1 2 2
o 1on12dingq <lgollo, 1+ D2

Set ky = by — y. The estimates above and the estimates performed in Proposition

2.1, Step 3, when applied to (3.2) yield
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1 1 —
0< M+ oy [Ykybydug, + oy [Tkybydiy,

1 -1 -
+a bydu, . +a b, d
NY ), PN %y NY Jo PN %o,
from which we get fo ! fo
-M, < oy + Dv(Cy + aply + Dv(Cy),

for all y and N. This is not possible, since we could take y = -2 and since
ay — o while v(Cy) — v(C) > 0. Thus the positive part of p,, is absolutely
continuous with respect to Lebesgue measure. The negative part is handled simi-
larly.

Now we show that the imaginary part of p,, is absolutely continuous. Let &
be a real function and consider

ib 1 1 (1,0 — 15,1
(ef®, ¢%®) = fo d,100+ zfob d[yOl—plo] + fon 2 dx.

If one chooses by as they were chosen above, then it is easy to get a contradic-

tion to the fact that 0< (N, '), Henceforth, we shall write du, = r(x) dx.

Now we are going to prove that 7 is in L2. In order to obtain this it suffices
to show that for all f € C[0,1]

A
6.3 IR INIRCT

Suppose that this is not the case. There is a sequence [ of C [0,1] functions
for which follfnlzp dx <1 but f01|/'nr| dx — . Define b by

b (x) = I;eib(s)fn(S) ds+y= kn(x) +y

where e?©)|r(s)| = 7(s). Then

(3.4) 0<(h,, b)) <M, + folh"“"(S) r(s)| ds + fol |1, () r(s)| B, ds

with M., a constant which depends only on y. From Schwartz’s inequality we

have the estimate

.f olknl /7 ds

<{om o foti 2
<{fidremrzast {2 ast” [, 05

<M _fO‘ \f A ds.

Therefore, we get from (3.4) that 0 < M., + 2(y+ M f01|fnr| ds which is impossible
because when y < -M the right side diverges to —~o as n — co.
Let H1()) denote the ordinary Lebesgue measure Sobolev space of weakly
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once differentiable functions with norm f(l) [f12dx + f(l) |f'|2dx. The HI) norm
dominates ( , ) because inequality (3.3) along with the classical Sobolev inequal-
ities (see [F)) imply that |f} [ rdx| + \fo /' frdx| is dominated by the H'()) norm
and follflzdp.oo is clearly dominated by the H'(/) norm. Thus H(I) as a set is
contained in H ().

The original bilinear form (, ) can be simplified by changing cyclic vectors
for T. The cyclic vector with which the representation was originally constructed
corresponds to the function 1 and the set of all cyclic vectors for T corresponds
to the set of all invertible functions in H'(!) as we shall soon see. If we repre-
sent T with the cyclic vector which corresponds to the function ¢, then the re-
sulting bilinear form (f, g)_ is equal to (fc, gc). Thus we can calculate that
(/5 g)c has the form

(1 &)= folfé[lc! 2dp, + c'crdx + c'crdxl
3.5) + fo‘/'g[|c| 2 dx + c2'P dx]

1,y 2— — 1,—s
+f0/g[|c| rdx+ccde]+f0/g!c‘2de.

This reduces to
1, . 1—14
3.6) (h @), = [12digy+ [ /8'Pax
if we take rc + Pc'= 0 and choose figo and P in the obvious way. The function

c(x) = exp - f:r(s)/P(S) ds

which satisfies rc + Pc'= 0 is bounded, invertible, and is in HY(I). Thus c isa
cyclic vector under multiplication by x in H(p). Henceforth we shall write P
and p,, instead of P and oo and we shall take H(w) to be the Hilbert space of
functions with (,)_ norm given by (3.6). It is clear from the simple form of (),
that it is equivalent to the H(!) norm.

Remark 3.1. The process of changing cyclic vector is analogous to putting
the second order differential equation py”+ ry’ + gy = 0 into Sturm-Liouville form
by multiplying through by exp — [T r/p.

Remark 3.2. A vector ¢ in H!(I) and consequently in H(u) is cyclic for
‘multiplication by x’ if and only if ¢ is bounded and bounded away from zero.
Thus the effect on P(x) of a change of cyclic vector for T acting on H is to
multiply it by a bounded invertible function (see calculation (3.5)). This shows
that the Technical Assumption of Theorem II is invariant under change of cyclic
vector.

This concludes our discussion of the basic consequences of the Technical
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Assumption of Theorem II. Now we turn to the proof of Theorem II and begin with

some preliminaries.

Proposition 3.1. If b is (,) orthogonal to Hl(l)o ={fe H (1) : f(1) = 0}
and if h(0) = 0, then b is identically zero.

Remark. This is a generalization of the familiar uniqueness theorem for
Sturm-Liouville operators.

Proof. Let S""o denote the approximate Heaviside function defined by
1 if x<xy~-1/n,
S"xo(x) ={ (#/D(x - xo) +1/2 if Xo = 1/n<x< xo + 1/n,
0 if x, + 1/n< x.

For each Lebesgue point x of Ph' we have, after taking the limit as 7 — oo in
representation (3.6) for (b, S, 0) =0

[ hdugy=-PH (.

Thus (since 5(0) = 0)
3.7) G I I

Now we invoke a standard argument. Equation (3.7) implies |5 (x)| <{(1/a) [ é d[;zool Hx)x
where H(x) = supy 415(s)| and P(x) >a> 0. Let X be a number such that
p= (l/a)fo ool dx < I/X and let m be a number < X such that |b(m)| = H(X).
Then H(x) = |h(m)| < pmH (m) < H(X) and we may conclude that H(X) = 0. Since
b is in H}(I) it is continuous and there must be some largest point x, in [0,1]
such that b is identically zero to the left of it. The above argument applied at
x, rather than 0 gives a contradiction. This completes the proof of Proposi-
tion 3.1.

In what follows we shall employ a bilinear form (, ) which is a slight modi-
fication of (, ). If B is a positive number define ( , )g by

(/. 9=, 9, - B [, 12P dx.

The original assumption POL 2 along with the construction of the representation

(3.6) implies that 3 a form M(f, ) such that
O MU, )+ 52 [F1112Pdx = (g2 + s[4, @(1) gy, B )

+ s2[A z(l)(/) Yoy o(f) l,[lo]
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where O(s)/s? — 0 as s — «. Now divide through by s?, let s — o, and use

the fact that [A,® (), O (] < 1A N@ (g, @) = 4,11/, 7). to obtain

f01|/|2P dx < ||A,|I(f, /).. Henceforth, we shall always take B to be less than

1/||A2|| This implies that (, ) is positive definite, and consequently the basic

facts about (,)_ also hold for ( ) In particular V'(, )5 is equivalent to the
HY(!) norm, and Proposition 3.1 holds for ( , )

Let b € H'(I) denote the real valued funcuon with normalization 5(1) =1
which is (, ),3 orthogonal to Hl[l]0 ={f € HX(I): f(1) = 0}. Such a function
exists and is uniquely determined by this condition. Any function & with k(1) =1
can be written k= b + [ where f € Hl[l]O and one can write (%, k)ﬁ= (5, b)’3+
(/s /),3. Since (f, /),BZ 0, k is a minimum of (&, k),B subject to the side condition
k(1) =1 if and only if k= h.

Suppose that b has a zero at a point a in [0,1]. Split b into two parts, b =
by + by, defined by

bh(x) if x<a, 0 if x<a,
hy(x) = b (%) =
0 if x> a; bh(x) if x> a.

Since b € H'[1], it is straightforward to check that both b, and b, are in H'[I].
Furthermore, (bo, bl)ﬁ = 0 because b, and b, have disjoint support. Thus
(b: b)/B = (bo; bo)B + (bl’ hl)B,

but the minimum property of b implies that (b, bo),B =0. Thus bh=bh,. However,
b,(0) = 0 and so Proposition 3.1 implies that b, = 0.

Consider the bilinear form
p(f, & =(f, &, - (f&/b, g+ [(DE(D(L, by

where b is again the function (, ); orthogonal to H'[11, with 5(1) = 1. We have

p(/, g)~f/g<—+/3>de-f/-"’ dx-f/'gipdx

+ [L1EPdx+ (DEODQ, B

The definition of b implies that (f, b)ﬁ =f() (1, b)ﬁ and so p(f, g) is actually
(f, g)c. Also, 0< (b, b)ﬁ = h(1)(1, h),B which gives us that (1, b)ﬁ is positive.
At last we have reached our goal and represented (f, g)c using a matrix of mea-

sures
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W'/By+B  —b'/b diracdatl 0
P+ (1, b).B
—b'7b 1 0 0

which (at x £ 1) has determinant BP(x) and consequently is positive definite.

This completes the proof of Theorem II.

4. Extensions and other directions. Many generalizations of the results of
this paper seem plausible. The goal of this paper has been to work through a sim-
ple case completely and generality has not been pursued. In this section we indi-
cate several directions in which one might extend results of this paper and we
also give some results concerning the geometric properties of coadjoint operators.

Most of the techniques from analysis used in proving Theorem I have very
well-known generalizations which probably lead to generalizations of Theorem II.
For example, Theorem 0’ extends the Sobolev space representation theorem to co-
adjoint operators T with finite multiplicity by using vector rather than scalar val-
ued functions. The extension of the conjugate point theorem to the vector valued
case is well known (see Chapter 5, $29 [G-F)). It should be possible to combine
these two methods to extend Theorem II to the finite multiplicity case. If ¢,,---,
¥, is a ““cyclic set” for T, then the Technical Assumption that the n x n matrix
inequality

ml(s) 1 <([A,E(s) ¢, ¢j]) < MI(s) 1

holds for all Borel sets S in o(T) = [a, &] is the natural analog of the Technical
Assumption for one cyclic vector.
We define a Pontryagin II, space to be the sequence space 12[~k, ] with

the *‘J-inner product’’

oo -1

(21)=2 %5~ 2 %

=0 ==k

A bibliography of the subject appears in [Kl. If T is an 12[- K, ] bounded op-
erator, its adjoint with respect to the **J-inner product’’ is denoted by T°. The
notions of J-Jordan, J-sub-Jordan, and J-coadjoint operators are obtained if one
substitutes © for * in our original definitions. Steps (1.1) to (1.7) in the proof of
Theorem I naturally go through for the Hk case, since they are entirely algebraic.
However, the rest of the proof poses problems. Theorem II for J-coadjoint opera-
tors probably reduces to the fact that the number of negative eigenvalues of a
Sturm-Liouville operator L is the same as the number of zeroes of a solution to
Ly =0.
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Two commuting coadjoint operators can be represented as multiplication by x
and y, respectively, on a *‘Sobolev space’’ over R? (see [Hl]) Possibly the
study of two commuting coadjoint operators is connected with conjugate curve
theory in the plane.

There are several ways to extend Theorem 0. The type of argument used in
proving Theorem REP can be used to show that any operator T with C” (R!) func-
tional calculus (see Chapter 5 of [C-F]) has a representation as *‘multiplication by

x'’ on a space of functions with inner product

(f, & =[P(Nyg P ¢yl = b(f(x) 3 (y)

M
= Z ffjj:l(lj(x, y) X x) gXy) dx dy.
L,j=0
Here o(T) = [c, dl. Various hypotheses on T impose conditions on the distribu-
tion b and consequently on the kernels K. in the representation for b. If T sat-
isfies a polynomial condition P(T* T) = 0 where P(x, y) = M a, .x"y" and
P(T*, T) = ZM aan*"T’”, then b(p(x, y) /(x)g(y)) = 0 for all /, g € S(R), and
consequently the distribution b has support on the variety of zeroes of p(x, y).
The coadjoint operators constitute the special case where p(x, y) = (x - y)”. Any
restriction which one puts on the function R(s) = e=iT"eisT trapslates into a
restriction on the Fourier transforms of & in the direction perpendicular to the di-

agonal {(x, x)}, since

(e Td(N g e Td(R Yl = b(e™[* () g(y).
A condition more general than the coadjointness condition on an operator T is

that R(s) has an asymptotic expansion
n

omisT" jisT Z slA,
l=—00
Such information on R(s) gives one information on the behavior of b near the di-
agonal {(x, x)}.

A rather obvious undertaking would be to extend Theorems I and II to cover co-
adjoint operators of order higher than 2. Colojara and Foiag discuss in [C-F] the
notion of two operators being quasi-nilpotent equivalent. The author prefers an
equivalent formulation of the definition which says that the operators A and B
are quasi-nilpotent equivalent if and only if the functions le=%4¢#B| and
le=#Be*4| of z have exponential order 0. An advanced version of Theorem I
which might be true is—the operator T is a Jordan operator with N quasi-nilpotent
if and only if T and T* are quasi-nilpotent equivalent.

We shall call an operator T orthogonally separated if any two invariant sub-
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spaces X and Y of T with the property that U(Tlx) does not intersect O(le)
are orthogonal. Multiplication by x on a H(u) space, and also multiplication by
% + iy on a generalized Sobolev space are orthogonally separated operators. The

converse is also true.

Proposition 4.1. If T has a C"(R?) functional calculus, if T is orthogonal-
ly separated, if T has a cyclic vector Y, and if the spectrum of T is a simply
connected set with smooth boundary, then T is unitarily equivalent to *‘multipli-

cation by x'’ on the usual sort of weighted Sobolev space supported over o(T).

Note. Many of the hypotheses can be lifted in the way which we already de-
scribed.

Idea of proof. The analogous argument to that of Theorem REP says that
there is a distribution b such that [¢(/) ¢, ¢ (¢l = b(f(x, y) (& ) for
each f, g € S(R?). The assumption that T is orthogonally separated implies that
if / and g have disjoint supports, then &(/g) = 0. This is equivalent to saying
that b has support on the diagonal {(x, y), (x, y)}. Now one can continue using
the argument behind Theorem REP and get the two dimensional analog of equation
(2.1). The main difference is that in the two dimensional case some power is re-
quired to restrict the domain of integration to o (7).

The connection between orthogonally separated operators and coadjoint oper-

ators is given by

Proposition 4.2. The operator T has C"(R') functional calculus and is or-
thogonally separated if and only if T is coadjoint.

Proof. Suppose that T is orthogonally separated and has a C”(R!) function-
al calculus. Let ¢ denote a vector in H and let M(y) = closure of {V € H: V=
@(f)¢ for some p(f) given by (2.0)}. By Theorem REP the operator T restricted to

“multiplication by x’* on a H(p) space of order

M(y) is unitarily equivalent to
< 2n. Consequently T'N(‘/’) is coadjoint (of order < 2n). Thus we have shown

that for any ¢ in H

(dZn/dSZn)[eisT('b’ eiSTl/I] -0

and so T is coadjoint.

Suppose that T is coadjoint (order k). Then the estimate |le’7|| < 0(s*
holds and Theorem V 4.5 [C-F] says that T has a C” (R!) functional calculus.
Suppose that fxl and fxz are invariant subspaces of T and that o(T 11) N
0(T|xz) =@. Let ¥, be a vector in Xl and ¢, € %2 and let m(l,lll, '/’2) = clo-
sure of {V € H: V=0(f)¢; + ¢(f,) ¢, for some ¢(f;) and &(f,)}.- A version

of Theorem REP for a finite cyclic set (see [Hl] or Theorem 0') yields
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(B g+ D )¢, g )i, +blg) v

M 2
= Z Z f_ozo /cfi).é,((;j)dﬂijaﬁ
i,j=0 a,B=1
for some Borel measures Hija e Consequently, if { and g have disjoint support
then [¢(/), ¢ (g)¢,] = 0. Since T|m(¢,j) is coadjoint and the functional calcu-
lus homomorphism for it is just ¢’(/)|N(xp-)’ Lemma I in [HI] implies that ¢(/)¢j
= 1/1]. if { is identically one on O(Th(‘pj) - Since there exist two functions f,
and f, in S with disjoint support which are 1 on o (T N(‘l’l)) and U(Tlll(\llz) re-
spectively, we may conclude that [y, ¢,1=[o(f) ¥, &(f,)¢,] = 0. Thus we
see that fxl and fxz are orthogonal and we have proved that T is orthogonally
separated.

One consequence of Proposition 4.2 is that Theorem I becomes

Theorem 4.3. The operators T and T* are orthogonally separated and satis-
fy the estimate |e~*T|| < O(|s|) if and only if T is a Jordan operator with nil-
potent part of order 2.

The author suspects that the most practical way of generalizing Theorem I to
higher orders is with a proof which uses analysis and the geometric notion of or-
thogonally separated operators. It also seems likely that the operators of the form
A + N where A is normal, AN = NA and N is nilpotent are those which are or-
thogonally separated, have orthogonally separated adjoints and which have c™(R?
functional calculus. We conclude this line of discussion by suggesting that it
might be interesting to study orthogonally decomposable operators, namely, orthog-
onally separated operators which are decomposable in the sense of [C-F, Chapter
2]

This paper purports to study the two simplest types of operators with real
spectrum. We conclude by suggesting a candidate for the ‘‘third simplest’’ type of
operator with real spectrum. In [S] Sarason calls a subspace S semi-invariant for
an operator M if it is the orthogonal difference $ = N; © N, of two invariant sub-
spaces N, and N, where N, is contained in N;. We shall say that an operator
T on H is the compression of an operator M on H if T = PHMIH where H is a
semi-invariant subspace for M and P, is the orthogonal projection of X onto H.
The case where M is unitary plays a central role in [L-P] and [N-F], one of the
standard operations (although it has never been described in these terms) in the
study of operators on a J-space (cf. [Ph, $4]) amounts to “‘compressing’’ a J-uni-
tary operator M to a semi-invariant subspace of M; and an abstract study of com-
pressions has been made in [A]l. We shall call the compression of a Jordan opera-

tor a compressed Jordan operator. One can find an example of these operators in
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the abstract study of partial differential equations using J-spaces proposed in
[Ph]. Compressed Jordan operators seem very natural and a study of them should

be interesting.
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